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Abstract We propose a method to do constrained
parameter estimation and inference from neuroimaging
data using general linear model (GLM). Constrained
approach precludes unrealistic hemodynamic response
function (HRF) estimates to appear at the outcome of the
GLM analysis. The permissible ranges of waveform
parameters were determined from the study of a repertoire
of plausible waveforms. These parameter intervals played
the role of prior distributions in the subsequent Bayesian
analysis of the GLM, and Gibbs sampling was used to
derive posterior distributions. The method was applied to
artificial null data and near infrared spectroscopy (NIRS)
data. The results show that constraining the GLM eliminates unrealistic HRF waveforms and decreases false
activations, without affecting the inference for ‘‘realistic’’
activations, which satisfy the constraints.
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1 Introduction
Detection of activation from neuroimaging data comprises
the search for consistent and plausible waveforms from the
recorded time series. This is typically accomplished by
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assuming a hypothetical waveform for the HRF and
checking the degree to which this waveform manifests
itself in the measurements. Canonical HRF (cHRF), which
is composed of the difference of two gamma functions, is
commonly used for this purpose [13]. Since mismatches
between the hypothetical and actual waveforms can substantially decrease the detection performance, some
flexibility is allowed in the basic model in order to better
capture the variations in the hemodynamic response.
Employing temporal and dispersion derivatives (TD and
DD) along with the cHRF is one of the most common ways
to attain a more robust analysis [13]. Accordingly, the HRF
is modeled as a linear combination of three waveforms.
However, even if a successful waveform modeling is
apparently obtained, there is still a concern about the
reliability of the analysis and it should be checked whether
it represents a plausible HRF or not. Obviously if there are
no restrictions on the linear combination weights, then
unrealistic HRFs may be obtained, and consequently activations may be detected when there are none.
Constraining the basis set for modeling the HRF has
been studied using variational Bayes [27], where basis
waveforms were formed via singular value decomposition
of a set of plausible HRF sample waveforms. Then using
regression analysis, a multivariate normal distribution was
fitted for the basis weights and this information was used as
prior distribution in the Bayesian analysis. This was a
‘‘soft-constraint’’ approach in the sense that multivariate
normal could not capture all details of the true distribution.
Despite this limitation, this work has shown that constraining the basis set allowed for superior separation of
active voxels from non-active voxels in fMRI data. The
method of constraining the linear combinations of the basis
set has also been taken up in the canonical correlation
analysis framework [12]. The limitation of this work,
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however, is that only positivity of the linear combination
coefficients is required.
In this work, we propose a method for doing constrained
parameter estimation and inference using the GLM in a
Bayesian framework. Using the canonical basis set, (cHRF,
TD, DD), an admissible region is defined in the threedimensional weight space, and Gibbs sampling is used to
arrive to posterior distributions. More explicitly, in our
approach we specify uniform prior distributions for the
parameters. The support of those uniform distributions
represents our a priori knowledge, and thus we are sure that
the parameter estimates belong to the feasible set. Since,
we do not introduce a new basis set, but rather use the
canonical basis set, it is a direct extension of the commonly
used GLM for neuroimaging.
The feasibility of the proposed method is tested in the
context of NIRS, which is an emerging neuroimaging tool.
NIRS measures the relative concentration changes of
oxygenated and deoxygenated hemoglobin using light
within the near-infrared wavelengths [26]. There are
numerous studies where functional magnetic resonance
imaging and near infrared spectroscopy data are simultaneously acquired and the estimated hemodynamic
responses are compared [18, 24]. Although there is a
commonly accepted canonical HRF waveform, the
instantiations of observed effects can differ in terms of rise
time, undershoot, delay, duration etc. We expect that the
constrained HRF estimation will be more effective for
NIRS analysis, on one hand, by allowing controlled variations around a canonical HRF that was tailored for fMRI,
and on the other hand by leading to a better assessment of
the cognitive activity via fNIRS. In summary, constraining
the GLM may enable us to be flexible enough to cope with
variations in the HRF waveform, but also stringent enough
not to allow unrealistic HRF shapes.

2 Materials and methods
2.1 Constraining the basis set
The canonical basis set is reproduced in Fig. 1a, where the
peak values of the waveforms are scaled to unity. Sample
HRF waveforms were generated by varying the coefficients
of the two derivative terms in linear combinations. The
resulting waveforms were tested for their plausibility and a
tally of the coefficients that satisfied these criteria was kept.
An HRF is shown in Fig. 1b with the parameters that
characterize its main features. The setting of parameter
ranges was based on information gleaned from the literature on temporal dynamics of the HRF [4, 7, 17] and the
work on constrained basis sets [27]. An alternative might
be using a physiological model, like the balloon model [3],
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Fig. 1 a Canonical HRF with its temporal and dispersion derivatives
(maximum value scaled to unity). b Parameters that characterize the
HRF: t1 time to peak, t2 time to undershoot from peak instant, m1
magnitude of initial dip, m2 magnitude of main response, m3
magnitude of undershoot

and obtain sample HRFs from this model. The criteria used
in determining the plausible HRF waveforms can be listed
as:
•
•
•
•
•
•

A main response with a peri-stimulus time of 3–8 s:
3 \ t1 \ 8;
Not more than one positive peak;
Not more than two negative dips;
An initial dip with magnitude not greater than quarter
of the magnitude of the onset: 0 \ m1 \ m2/4;
An undershoot after 2–8 s after the main peak:
2 \ t2 \ 8;
Magnitude of the undershoot not greater than half of the
magnitude of the onset: 0 \ m3 \ m2/2.
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Figure 2a shows the feasible region of TD and DD
coefficients. The nonrectangular shape of the feasible
region indicates that TD and DD coefficients are statistically dependent. Figure 2b shows the plausible HRF
waveforms obtained by sampling the permissible TD–DD
region.
Since the activation is defined as an increase of oxy-Hb
and a decrease of deoxy-Hb, the coefficient of the cHRF is
expected to be positive. The NIRS device measures the
concentration value in molar units, and the coefficient of
the cHRF is constrained to be between 0 and 5 lM. This
range is broader than typical cognitive activation magnitudes in the prefrontal cortex found in several NIRS studies
[21, 25]. For deoxy-Hb, the time series can be inverted in
sign and the same constraints can be applied. The constraints on these three parameters then define a volume in
3-D space.

distributed with variance r2, for which the Jeffreys (noninformative) prior is used: p(r2)  r-2. Using Bayes rule,
full conditional posterior distributions for the variables are
found so that Gibbs sampling can be used to generate
sample values from the posterior. At each sampling
instance, the feasible intervals for the elements of the b
vector are imposed. Note that the posterior of the b vector
is just the truncated version of the likelihood, since p(b/
Y) = p(Y/b)p(b), and p(b) acts like a range delimiter. We
can use the technique introduced in [6] to draw samples
from this truncated distribution: If Fi is the likelihood
function for bi, and U is a uniform (0,1) variate, then
hi = Fi-1[Fi(a) + U(Fi(b)-Fi(a))] is a random variate
from the truncated likelihood (posterior), where the feasible interval for bi is [a b]. The execution of the Gibbs
sampling can be summarized as below:
1.

2.2 Bayesian analysis of the constrained GLM
The basic GLM is formulated as, Y = Xb + Zh + e,
where Y is the N-sample vector of NIRS data (oxy-Hb or
deoxy-Hb), X is the N 9 p design matrix, b is the p vector
of parameters for effects of interest, Z is the N 9 q design
matrix, h is the q vector of parameters for nuisance effects,
and e is the N-long noise vector. Y, X and Z are known and
b, h and e are unknown. In the Bayesian analysis of the
GLM, priors are specified for the unknown variables and
posterior distributions are derived. The constraints for b,
effectively the priors of b, have already been defined in the
previous section. To complete the Bayesian analysis, we
have to specify priors for h and e. Since we have no prior
information about nuisance effects, we will set their prior
to uniform distribution: p(h)  uniform. The noise is
assumed to be uncorrelated, zero-mean, Gaussian

2.
3.

From i = 1:p, sample bi from p(bi | b-i, h, r2), where
by convention b-i denotes all the b parameters except
the ith one,
Sample h from p(h | b, r2),
Sample r2, from p(r2 |b, h).

Since we are assuming additive Gaussian noise, the
likelihood function also has a Gaussian form. Hence, the
distribution in the first step is a truncated univariate
Gaussian; the distribution in the second step is a multivariate Gaussian and in the last step it is inverse Gamma
distributed. After obtaining the posterior distribution of the
parameters given the observations, we can use these
posteriors to make inferences about the parameters and
the related events. In the execution of Gibbs sampling, the
chain was run for 10,000 iterations and the first 2,000
iterations were discarded as burn-in. Then, the marginal
posterior distribution can be obtained by smoothing the
sample-based histogram with a Gaussian kernel.

Fig. 2 a Feasible values for the
coefficients of the derivative
terms with two instances of
admissible waveforms and one
non-admissible waveform. b
The set of plausible HRF
waveforms (maximum values
scaled to unity)
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The analyses were conducted using MATLAB v6.5
and run time for one subject was approximately 3 min on a
PC equipped with Pentium 4 (2.40 GHz) CPU and
512 MB of RAM.
2.3 NIRS data acquisition and experimental setup
NIRS data were recorded from 15 volunteers (8 male, age
26.5 ± 4.7 years) recruited from the university community. Subjects had no reported neurological, medical and
psychiatric disorders. None were taking medications at the
time of measurement. Written informed consent was
obtained from all subjects before the measurement.
Experiments were performed using a continuous-wave
near-infrared spectroscopy device NIROXCOPE 301,
(Hemosoft Inc., Ankara Turkey) [1, 2]. The device is
capable of transmitting near-infrared light at two wavelengths (730 and 850 nm), which are known to be
capable of penetrating through the scalp and probe the
cerebral cortex. Calculation of concentration changes of
oxy-Hb and deoxy-Hb in blood is based on modified
Beer-Lambert law [5]. Employing 4 light-emitting diodes
(LEDs) and 10 detectors, the device can sample 16 different volumes (channels) in the brain simultaneously.
The distance between each source and detector is 2.5 cm,
which guarantees a probing depth of approximately
2.0 cm from the scalp. This amount of separation has
been shown to reliably probe the cortical activity [10,
11]. LEDs and detectors were placed in a flexible printed
circuit board that was specially designed to fit the curvature of the forehead. Sampling frequency of the device
was 1.4 Hz.
NIRS data were obtained from the prefrontal cortex of
the subjects during color-word matching Stroop task [30].
Subjects were presented with two words, one above the
other. The top one was written in ink-color whereas the
bottom one was white presented over a black background.
Subjects were asked to decide whether or not the word
written below correctly denoted the color of the upper
word. If color and word matched, then subjects were asked
to press the left mouse button with their forefinger; if not,
the right mouse button with their middle finger. Subjects
were informed to perform the task as quickly and correctly
as possible. The words stayed on the screen until the
response was given within a maximum duration of 3 s. The
screen was blank between the trials.
The experiment consisted of neutral, congruent and
incongruent trials. In the neutral condition the upper word
consisted of four X’s (XXXX) in ink-color. In the congruent condition ink-color of the upper word and the word
itself were the same, whereas in the incongruent condition
they were different. The trials were presented in a semiblocked manner. Each block consisted of six trials. Inter-
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stimulus interval within the block was 4.5 s and the blocks
were placed 20 s apart in time. The trial type within a block
was homogeneous (but the arrangements of false and correct trials were alternating) There were ten blocks of each
type. Experiments were performed in a silent, lightly
dimmed room. Words were presented via an LCD screen
that was 0.5 m away from the subjects. The task protocol
has been approved by the Ethics Review Board of Boğaziçi
University.

3 Results
To put into evidence the role of constrained GLM vis-avis unconstrained GLM, we ran two sets of experiments.
We denote these two approaches, respectively, in a more
suggestive way, as the Bayesian approach and the nonBayesian or frequentiest approach. In the first experiment,
we applied the algorithm on null hypothesis data, where
we expect the Bayesian approach to yield low significance
values while the frequentiest approach strives to model
events even where there are none. Conversely, the
Bayesian approach is expected to yield higher reliability
scores on the alternative hypothesis data, that is, when
there is an event. In classical analysis, the effect sizes for
different contrasts are tested against zero. Since in the
constrained analysis the coefficient of the cHRF has
already been restricted to be positive, a ‘‘difference contrast’’ should be used. On the other hand, since Bayesian
analysis gives us posterior distributions, it is possible to
define a threshold other than zero, and make inference
even in one stimulus case. In our experiments with artificial and real data, we used experimental paradigms with
more than one stimulus.
Inference for activation was based on the main component (cHRF) while the two derivative terms (TD and
DD) modeled the variations in the basic HRF, that is, we
produced the associated T statistic for cHRF to test the
activation. An alternative might be to investigate the total
power explained by the linear combination of the basis
functions with an F statistic. However it is known that F
statistic is always less sensitive and T statistic based on the
cHRF is recommended, especially when the shift in the
HRF is known to be less than 1 s [29].
3.1 Artificial null data
Ten thousand artificial null data were generated using
Gaussian noise and a number of trend terms simulating the
background activity. We designed a thought-experiment
with two stimuli in an event related setting with inter
stimulus interval of 20 s. Forming a design matrix using
cHRF, its derivatives and discrete cosine transform
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functions for modeling the linear trends (nuisance part), the
parameters were estimated using both unconstrained
ordinary least squares (OLS) and constrained Bayesian
analysis. Finally, the z-statistics of the contrast between the
cHRF parameter values of the two stimuli were calculated.
The z-statistics (or pseudo-z-statistics [27]) were obtained
from the marginal posterior for the constrained case. Figure 3a shows the histogram of z-statistics obtained for the
artificial null data for the two analysis cases. It can be
observed that the z-histogram is more concentrated around
0 for the constrained case. The reason is that constraining
the basis set penalizes the unlikely parameter values and
lowers their significance. The log–log probability plot in
Fig. 3b shows the probabilities under the tail for a given zstatistic for both frequentiest (unconstrained) and Bayesian
(constrained) analysis. It may be observed that the empirical frequentiest probabilities are in conformance with the
theoretical probability values, that is, the z-scores one
would obtain in pure noise, whereas the Bayesian analysis
produces much smaller probabilities. This means that
constraining the basis set reduces false activations.
3.2 NIRS data
Reaction times for the neutral, congruent and incongruent
trials were 1,028.9 ± 193.2, 1,160.6 ± 265.6 and
1,260.9 ± 242.1 ms, while the error rates were 0.22 ± 0.86,
1.33 ± 2.11 and 4.00 ± 4.58, respectively. Since error rates
were small, we calculated the interference effect (incongruent - neutral) only in terms of reaction times. There was
a clear interference effect with P \ 0.0001. The difference
between the reaction times of incongruent and congruent
trials and congruent and neutral trials were also significant
(P \ 0.01).
Since interference effect is known to be well pronounced
in Stroop task [19], which has also manifested itself in our
behavioral analysis, we decided to concentrate on this contrast for hemodynamic response results. Although NIRS can
measure both oxygenated and deoxygenated hemoglobin,

we used only oxygenated hemoglobin, since our previous
studies in agreement with the literature, showed that oxygenated hemoglobin was a more sensitive indicator of
cognitive activity in the prefrontal cortex during Stroop
task [9].
In the GLM to analyze NIRS data, the design matrix (X)
consisted of the cHRF and its derivatives convolved with
the stimulus onset vectors for each type of trial. The design
matrix modeling the nuisance effects (Z) consisted of discrete cosine transform functions to cope with various lowfrequency trends [14]. Incorrect and omitted trials were
modeled separately and included in the design matrix as
nuisance effects. In other words, inference was based on
only correct trials. Each channel of each subject was analyzed individually.
Figure 4 shows the histogram of z-statistics for the
unconstrained and constrained cases for the overall data,
15(subjects) 9 16(channels), for the interference effect. It
may be observed that, as it was the case with the artificial
null data, histogram is denser for low z values (-2 to 2)
under constrained estimation. The reason is that constrained
linear combinations preclude unlikely parameter occurrences. At the same time, the constrained histogram has
higher absolute z-values at both ends, since in the case of
strong activations and deactivations that satisfy the constraints, our method yields lower variance estimates, which
in turn causes the significance scores to increase. Figure 5
shows the activation matrix (subject 9 detector) for OLS
and Bayesian analysis. It may be seen that the activation
maps, consisting of the 16 measurements of the 15 subjects
are similar to each other. One can observe that the constrained analysis results in some deleted activation cells
while new activations are added. For instance, while frequentiest inference does not result in any activation for the
11th subject, constrained analysis identifies three active
channels at the left lateral cortex. Figure 6 explains the
reason for this phenomenon. The recording shown is from
the fourth channel of the 11th subject. In Fig. 6a, the fitted
waveforms with the unconstrained and constrained

Fig. 3 a Histograms of the zstatistics for the unconstrained
and constrained analysis from
artificial null data. b Log
probability–log probability plots
for the tail masses of theoretical
and empirical (constrained and
unconstrained) cases
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Fig. 4 Histograms of the z-statistics for the unconstrained and
constrained analysis of NIRS data

approaches are superimposed. The actual NIRS recording is
very noisy and there is a continuous oscillation that hides
the activation. In the unconstrained case, the OLS estimate
tries to fit the model to these oscillations by increasing the
derivative terms and suppressing the canonical HRF. On the
other hand, constrained estimate is not allowed to increase
the derivative terms without limit and finds the best fit that

Fig. 5 Activation matrix
(subjects 9 channels)
thresholded at P = 0.05
(z = 1.65), for a unconstrained,
b constrained analysis. c
Placement of the LEDs and
photodetectors; channel
locations are depicted with
numbers
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satisfies the constraints. The result is that, it models the
variations in the basic HRF shape, but does not model the
spurious oscillations and reveals the activation that OLS
was not able to identify. Note that we are testing for the
contrast ‘‘incongruent–neutral’’. Although the difference
between unconstrained and constrained cases seems to be
more evident for congruent blocks, there is a subtle difference for incongruent blocks. The coefficients estimated for
the cHRF, TD and DD by unconstrained analysis for
incongruent trials are 0.079, 0.436 and 0.163, respectively.
The same coefficients are estimated as 0.228, 0.294 and
0.085 by the constrained analysis. Figure 6b shows the HRF
waveforms generated by these coefficients. Note that the
main response is similar and hence there seems to be only a
minor difference between the two cases in Fig. 6a. However, the unconstrained analysis produces an implausible
HRF with the coefficient of the cHRF being very small,
whereas constrained analysis captures the same main
response with cHRF and cannot increase derivative terms to
make the waveform implausible. Consequently, the tested
contrast becomes significant for constrained analysis.
Hence, constraining the GLM improves the estimates in two
opposite directions: It eliminates the activations due to nonsensible HRF waveforms and it brings forth activations that
would otherwise remain hidden.
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Fig. 6 a Fitted waveforms to a noisy NIRS signal under constrained
and unconstrained analyses (N neutral, C congruent, I incongruent
trial blocks). b Estimated HRF waveforms for incongruent stimulus

Figure 7 shows the HRF waveforms of incongruent
trials obtained from the activated channels by constrained
and unconstrained analysis. It may be seen that most of the
waveforms remain unchanged but the unrealistic HRF
shapes are eliminated.

4 Discussion
The method presented in this study is a direct extension of
the classical GLM analysis with the main difference being
the constraints put on the solution space to ensure that the
resulting HRF is physiologically plausible. The Bayesian
methodology enters into the play to constrain the estimation of the parameter vector. We want to emphasize here
that our study does not overlook the importance of the
exploratory methods. Nevertheless, as the name implies,
GLM is a model-based approach and constraining the
solution space is a way to ensure that this model really
holds.
In another seminal work [27], a method for constraining the linear combination of basis sets using
variational Bayes was introduced. In that work, a set of
plausible HRF waveforms were generated and the basis
set that best spanned these waveforms was found. In
contrast, rather than developing a new model, we simply
propose an ‘‘option’’ for classical GLM analysis. In other
words, we consider the basis set as given and then find all
the plausible HRF waveforms that might be generated
with it. Consequently, we adopt a ‘‘hard-constraint’’
approach in the sense that the prior for the parameter

Fig. 7 HRF waveforms of the incongruent trial for the activated
channels obtained by (a) unconstrained and (b) constrained analysis

vector is specified as a range-limiting uniform distribution. In the Bayesian analysis, uniform prior distributions
or indicator functions give rise to truncated posterior
distributions, and the latter can be easily inferred upon by
Gibbs sampling [8, 15, 22]. In this study, we use a simple
method to generate samples from a truncated distribution
in univariate cross sections [6]. This allowed us, no
matter how complicated the constrained space is, to
implement the Gibbs sampler after specifying the full
conditional posterior distributions of the parameters [15].
Another implementation of sampling from a truncated
distribution is to ignore the constraints until the end and
then use only the values that satisfy the constraints [16].
However, this scheme becomes very inefficient when the
dimensionality of the parameter space is large.
The criteria that we proposed for constraining the HRF
are by no means complete. But we opted not to commit
ourselves fully until the hemodynamic response mechanisms are fully understood. We try to keep the constrained
space as flexible as possible but also respect the main
findings of the related theoretical and experimental studies.
In summary, we present a general method to use the
domain knowledge in the form of parameter constraints
and incorporate them into the GLM analysis. These criteria
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can obviously be adjusted as our knowledge on HRF
dynamics improves.
The whiteness assumption about the noise vector is
certainly a simplification. In a recent study [23], the
severity of the effects of non-white noise on the inference
from fMRI signals was reiterated. The characteristics of the
noise in fMRI signals is well-studied and a number of
models have been proposed, the most widely used being
the autoregressive one [20, 28]. However, the noise in
fNIRS signals has not been investigated in detail, yet.
Although it may be conjectured that the models proposed
for fMRI may also be valid for fNIRS, to be able to keep
our expositions simple and to put the emphasis on the
comparison between OLS and constrained solutions we
assumed the noise vector is white.

5 Conclusions
We have shown that constraining GLM analysis by
delimiting ranges of parameters can be beneficial in
attaining more realistic HRF waveform estimates. A 3dimensional volume of permissible parameter values of the
canonical basis set acts as prior distribution in the Bayesian
analysis, and Gibbs sampling in this volume is used to infer
upon the parameters of interest. This procedure, on one
hand, eliminates unrealistic HRF waveforms, and on the
other hand, it is found to be more effective in identifying
activations from noisy signals. One way to improve the
proposed scheme is to mitigate the computational complexity arising from the Monte Carlo sampling search. In
this respect, we plan to investigate more effective methods
to generate samples from truncated distributions. Furthermore we intend to find analytical probability distributions
for the constrained space of parameters. This may substantially reduce the computational needs. Finally the
search for new basis sets, which cover the space of feasible
HRF waveforms more effectively, remains to be explored.
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