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Abstract—We address content-based retrieval of complete 3D object models by a probabilistic generative description of local shape
properties. The proposed shape description framework characterizes a 3D object with sampled multivariate probability density
functions of its local surface features. This density-based descriptor can be efficiently computed via kernel density estimation (KDE)
coupled with fast Gauss transform. The nonparametric KDE technique allows reliable characterization of a diverse set of shapes and
yields descriptors which remain relatively insensitive to small shape perturbations and mesh resolution. Density-based characterization
also induces a permutation property which can be used to guarantee invariance at the shape matching stage. As proven by extensive
retrieval experiments on several 3D databases, our framework provides state-of-the-art discrimination over a broad and
heterogeneous set of shape categories.

Index Terms—Shape matching, retrieval, surface representations, nonparametric statistics, geometric transformations, invariance,
feature evaluation and selection, performance evaluation.
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1 INTRODUCTION

FAST and accurate scanning technology equipped with
shape modeling and rendering tools has enabled the

means of acquiring, designing, and manipulating complete
3D models of real-world objects. Digital 3D models as a
new modality of visual information find applications in
several domains such as computer-aided design [1],
cultural heritage archival [2], molecular modeling [3], and
video games industry [4], [5]. With growing interest in
3D models, their effective retrieval from large databases is
acquiring economic utility [4], [6], [7]. Text-based systems,
much like in all other media applications, would remain
severely limited in describing and retrieving 3D models
[7]. Content-based systems, on the other hand, offer an
effective and scalable complementary solution to the
3D retrieval problem.

We address content-based retrieval of complete
3D object models by a probabilistic generative description
of their local shape. We call the proposed method as the
density-based framework (DBF) in that it describes
3D objects with multivariate probability density functions

(pdfs) of chosen shape features. Our previous study [8] has
shown that such an approach has a promising retrieval
potential. In this paper, we analyze DBF in greater detail
and provide extensive retrieval experiments to demon-
strate that it can satisfactorily handle large collections of
heterogeneous shape categories. In particular, we show
that DBF is relatively insensitive to small shape perturba-
tions and mesh resolution, that it is computationally
efficient, and that it enjoys a permutation property which
guarantees invariance to a certain class of 3D transforma-
tions at the shape matching stage. As a consequence of
these contributions, DBF qualifies as one of the best
3D shape descriptors, as established by retrieval experi-
ments on several databases.

Our starting point is that, as similar shapes induce
similar feature distributions, two shapes can be compared
by the distance between their feature pdfs. Histogram-
based 3D shape descriptors [9], [10], [11], [12], [13], [14], [15]
(see Section 2) have relied on this intuitively appealing idea
but failed to provide fine grain discrimination required by
the 3D retrieval task [7]. Compared to its histogram-based
ancestors, DBF is original in two aspects: 1) It employs
richer sets of multivariate shape features and 2) it adopts the
kernel strategy to estimate the distribution [16]. As a further
contribution, we experimentally show that these two
aspects overcome the performance limitation of early
histogram-based 3D shape descriptors.

After transforming a given 3D model into a canonical
coordinate frame and scale, our scheme first characterizes
its surface locally using simple and direct features, without
resorting to computationally intensive methods such as
shape contexts [17] or spin images [18]. Our features are,
in fact, as simple as distance-to-origin, radial, and normal
directions, and principal curvatures (Sections 3.1 and 3.2).
Without sacrificing computational simplicity, we construct
more informative local characterizations by joining these
simple features into multivariate ones. In a previous work
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[19], we have demonstrated that, for 3D retrieval, pdf-
based descriptors induced by such multivariate feature
combinations are more effective than combinations of
scalar feature pdfs.

Once the surface information is collected, we proceed to
estimate the feature pdfs by kernel density estimation (KDE)
[16] (Section 3.4). The samples of the pdf at given target
feature points constitute our 3D shape descriptor. KDE is
advantageous in our context in more than one way. First, its
nonparametric nature provides us with enough flexibility to
model feature distributions for a broad and diverse set of 3D
objects. Second, in contrast to the histogram estimator, its
smoothing parameter can be adjusted to make the descriptors
relatively insensitive to small shape variations and to
imperfections in object pose and scale normalization (Sec-
tion 4.1). Third, descriptors can still be computed very
efficiently when KDE is coupled with the fast Gauss trans-
form (FGT) [20], [21] (Section 4.3). Note also that, in this
generative distribution-based approach, the descriptor
stands for the conditional density of local features for a given
shape. Consequently, theaveraged pdf over a setof 3D shapes
belonging to the same category is semantically relevant and
can serve as a category-level prior for general object
recognition and classification. A further advantage of pdf-
based description is that we can guarantee invariance against
a class of object transformations at the shape matching stage.
There are, indeed, methods in the literature, such as [22], that
use invariant shape matching. However, to achieve invar-
iance, such methods have to recompute the descriptor from
scratch for every possible transformation. Obviously, they are
not computationally efficient, compromising their use for
practical applications. One of the major novelties of the
present paper with respect to our previous work [8] is to
rigorously show the permutation property of the density-
based framework (Section 4.2). This enables, via a simple
permutation, almost instantaneous descriptor computation
for transformed versions of 3D objects.

We demonstrate the retrieval effectiveness of DBF on
four different 3D model databases with varying surface
mesh quality, semantic content, and classification granular-
ity. The most notable of these is the Princeton Shape
Benchmark (PSB) [23], which has become a standard test
environment for 3D shape descriptors since its release in
2004. On PSB, our framework is on a par with the best
performing descriptors reported so far. Furthermore,
although its closest competitor DSR (a combination of the
depth buffer, silhouette, and radialized extent function
descriptors, see Section 2 and [24], [25]) is also highly
discriminative, we have also observed that DBF and DSR
methods are somewhat complementary so that it is
possible to achieve even higher retrieval performance with
their combination.

The paper is structured as follows: In the next section, we
present an overview of previously proposed shape descrip-
tors for 3D retrieval. In Section 3, we describe the steps of
DBF in detail. In Section 4, we analyze its properties such as
insensitivity to small shape variations and mesh resolution,
invariance, and computational efficiency. In Section 5, we
undertake an exhaustive campaign of retrieval experiments
and illustrate the effectiveness of our methods on several

3D model databases. In Section 6, we conclude and discuss
further research directions.

2 PREVIOUS WORK

Three-dimensional model retrieval hinges on shape match-
ing, that is, determining the extent to which two shapes
resemble each other [7]. There are two main approaches to
this problem: matching by feature correspondences and
matching by global descriptors. The strategy in the former
approach is to compute multiple local features for every
object and then to compute a distance measure between
pairs of objects for an optimal set of feature correspon-
dences and an optimal relative transformation [26]. The
global descriptor-based approach, on the other hand,
reduces intrinsic shape characteristics to vectors or graph-
like data structures, called shape descriptors, and then
evaluates the distance between the descriptor pairs as a
measure of similarity. The difficulty of finding correspon-
dences is a well-known computational problem in compu-
ter vision and shape analysis [17]. Global descriptors try to
solve the correspondence problem by “registering” the
shape information on a common grid. Table 1 provides a
taxonomy of 3D shape descriptors with emphasis on
“registration” methods as we describe in the present
section. References [4], [6], [7] provide more comprehensive
reviews in this rapidly evolving field.

A number of 3D shape descriptors can be classified
under the heading of histogram-based methods [9], [10], [11],
[12], [13], [14], [15]. We use the term “histogram” as an
accumulator that collects numerical values of certain
attributes of the 3D object. In this sense, not all the methods
in this category [13], [14], [15] are true histograms in the
rigorous statistical sense of the term, but they all share the
methodology of accumulating a geometric feature in bins
defined over the feature space. These methods bypass the
correspondence problem by discarding all the spatial
information. The price paid for this solution is their lack
of fine grain discrimination required for the retrieval task
[7] (3D Hough transform method [15] can be considered as
an exception to this, see Section 5.5).

Transform-based methods [24], [27], [28], [29], [30], [31], [32],
[33], [34] implicitly register the surface points onto a 3D voxel
or spherical grid by means of a scalar-valued function (e.g., a
binary function testing the presence of a surface point on a
grid point or the signed distance function of the surface),
which is then processed by transform tools such as 3D Fourier
[27], angular radial transform [28], 3D Radon [29], spherical
trace transform [30], spherical harmonics [24], [31], [32], [33],
or wavelets [34]. A significant advantage of using transform
machinery is descriptor compaction achieved by keeping first
few transform coefficients in the descriptor vector. Further-
more, pose invariance can be obtained by discarding the
“phase” of the transform coefficients at the expense of some
shape information, e.g., as in RISH [31] (see Table 1 for the
acronym).

Two-dimensional view-based methods [22], [24] consider
the 3D shape as a collection of 2D projections taken from
canonical viewpoints. Each projection is then described by
standard 2D image descriptors like Fourier descriptors [24]
or Zernike moments [22]. These methods work surprisingly
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well despite their intuitive disadvantage as they discard
valuable 3D information. A possible explanation for their
good performance is that, as the 3D models are completely
given, projections can be produced in a controlled manner
so that nuisance effects of occlusion (except self-occlusions
of course), clutter, or affine deformations are avoided. These
methods can also be beneficial for 2D sketch-based queries.

In [24], a hybrid descriptor, which is a combination of
two 2D view-based methods, DBI and SIL, and a transform-
based method REXT, is proposed (see Table 1 for the
acronyms). This descriptor, denoted as DSR, is proven to be
very effective on PSB [23] and on the Konstanz database [4].

Graph-based descriptors [35], [36], [37] are fundamen-
tally different from other vector-based descriptors. They are
more elaborate and complex, in general harder to obtain,
but they have the potential of encoding geometrical and
topological shape properties in a more faithful and intuitive
manner. However, they do not generalize easily to all
3D shape representation formats and they require dedicated
matching schemes. In fact, from an algorithmic point of
view, graph-based methods do not completely obviate the
correspondence issue. They just alleviate it by reducing the
problem of matching two feature sets to that of matching
graph nodes, which, however, still remains a formidable
task for general-purpose retrieval applications. We note
that, using tools from spectral graph theory, some part of
the information contained in a graph can be encoded in the
form of vector-based numerical descriptions.

We now proceed with the exposition of our density-
based framework, which can be viewed as a formal
generalization of histogram-based 3D shape descriptors.

3 DENSITY-BASED FRAMEWORK

Density-based shape description is a generative model,
aiming to represent geometrical shape properties contained
within a class of 3D objects as a probability distribution.
This generative model relies on the idea that, associated
with each shape concept, there is an underlying random
process, which induces a probability law on some local
surface feature of choice. We assume that this probability
law admits a pdf, which encodes intrinsic shape properties
to the extent achieved by the chosen feature. The similarity
between two shapes can thus be quantified by measuring
the variation between their associated feature pdfs.

We define the shape descriptor of a given 3D object as
the sampled pdf of some local geometric features computed
over its surface. Each of these features is treated as a
random variable with a realization (or observation) at every
point of the surface. To set the notation, let S be a random
feature vector defined on the surface of a 3D object O and
taking values within a subspace RS of IRm, where m is the
number of components in the vector S. Let fSjO …4 fSð�jOÞ be
the pdf of S for the object O. This pdf can be estimated
using the set of feature observations, called the source set,
sk 2 RSf gK

k…1 computed on the object’s surface given in
terms of a triangular mesh. Suppose furthermore that we
have specified a finite set of N pdf evaluation points within
RS , denoted as RS … tn 2 RSf gN

n…1, called the target set. The
density-based descriptor fSjO for the object O (w.r.t. the
feature S) is then simply an N-dimensional vector whose
entries consist of the pdf samples at the target set, that is,
fSjO … ‰fSðt1jOÞ; . . . ; fSðtN jOÞ�. Density-based shape de-
scription consists of three main stages (see Fig. 1):
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1. In the design stage, we choose good local features that
will accumulate to global shape descriptors. Good
features are easy to compute and locally discrimi-
native (Sections 3.1 and 3.2).

2. In the target selection stage, we determine the target
set RS over which the feature pdf is evaluated
(Section 3.3).

3. In the computational stage, we estimate fSðtjOÞ at the
designated targets t 2 RS , using the KDE technique
coupled with the fast Gauss transform (FGT)
(Sections 3.4 and 4.3).

Once the descriptors of two different objects are computed
by the above scheme, any vector distance can be used to
compare them. To this end, we employ the L1-distance or an
invariant version of it (see Section 4.2) throughout the paper.

3.1 Local Surface Features
In this section, we describe the local geometric features that
we employ to characterize 3D surfaces (see Fig. 2). We
proceed from simple features that coarsely characterize the
surface toward features that exploit differential geometry
information.

3.1.1 Zero-Order Features
The most basic information about a point lying on a
3D surface can be derived from its coordinates, which we
refer to as zero-order features. The radial distance R 2 ð0; rmax�
measures the distance of a surface point Q to the origin (center
of the mesh) and is commonly used in shape description
schemes such as [9], [11]. It may not be an effective shape
feature all by itself, but it becomes useful, especially when
other features need to be characterized separately at different
quanta of the radial distance. The radial direction R̂ 2 S2 is the
directional vector, collinear with the ray traced from the
origin to the surface point Q. The R̂-vector lies on the unit
2-sphere S2 and is scale-invariant.

3.1.2 First-Order Features
First-order features require first-order differentiability,
hence the existence of a tangent plane at each surface point,
as illustrated in Fig. 2. For 3D meshes, one can compute a

tangent plane at each vertex based on the triangle planes
within the one-ring neighborhood [38]. In this category, the
following features are considered:

First, the normal direction N̂ 2 S2 is simply the unit
normal vector at a surface point and represented as a
3-tuple ðN̂x; N̂y; N̂zÞ. Second, the radial-normal alignment A is
the absolute cosine of the angle between the radial and
normal directions, and computed as A … jhR̂; N̂ij 2 ‰0; 1�.
This feature is a measure of the local surface deviation from
sphericity. For example, if the surface locally approximates
a spherical cap, then the radial and normal directions align
and the A-feature approaches unity. Finally, the tangent
plane distance D … RA stands for the distance between the
tangent plane at a surface point Q and the origin.

3.1.3 Second-Order Features
Second-order features around a point Q can be derived
from the differential dNQ of the normal field at that point
[39]. By definition, dNQ requires second-order differentia-
bility. For triangular meshes, dNQ can be computed by
fitting a twice-differentiable surface patch around the vertex
point and invoking standard formulas from differential
geometry [39] or by discrete approximation using the mesh
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Fig. 1. Density-based shape description: Measurements of the (multivariate) feature S obtained from the 3D object surface are processed into
descriptor vectors, that is, the probability density function of the feature.

Fig. 2. Illustration of local surface features.
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